Mason's Conjecture asserts that for an m-element rank r matroid M the sequence I k / m k : 0 ≤ k ≤ r is logarithmically concave, in which I k is the number of independent k-sets of M. A related conjecture in probability theory implies these inequalities provided that the set of independent sets of M satisfies a strong negative correlation property we call the Rayleigh condition. This condition is known to hold for the set of bases of a regular matroid. We show that if ω is a weight function on a set system Q that satisfies the Rayleigh condition then Q is a convex delta-matroid and ω is logarithmically submodular. Thus, the hypothesis of the probabilistic conjecture leads inevitably to matroid theory. We also show that two-sums of matroids preserve the Rayleigh condition in four distinct senses, and hence that the Potts model of an iterated twosum of uniform matroids satisfies the Rayleigh condition. Numerous conjectures and auxiliary results are included.
Introduction
Mason's Conjecture [31] is that the sequence (I k : 0 ≤ k ≤ r) of numbers of independent k-sets of an m-element rank r matroid M is logarithmically concave in the strong sense (I-4) that I k / m k : 0 ≤ k ≤ r is log-concave. That is, , for all 1 ≤ k ≤ r − 1. A weaker form of the conjecture is (I-2) that the sequence There is a related conjecture in probability theory, but its origin is obscure. Pemantle [33] considered several variants described as "folklore". The Big Conjecture (Conjecture 3.4) states that if ω : B(E) → [0, ∞) is a nonnegative weight function on a finite Boolean algebra B(E), and if
is logarithmically concave, provided that ω satisfies something we call the Rayleigh condition. This condition is a strong pairwise negative correlation property among random variables {X e : e ∈ E} corresponding to the elements of the ground-set E, with joint distribution function encoding the weight function ω. The Rayleigh condition is known to hold in its weakest form (B-Rayleigh, for bases) for all regular (unimodular) matroids, and for many more [14] . There are more refined and informative versions of the Rayleigh condition for matroids: I-Rayleigh, S-Rayleigh, and Potts-Rayleigh for independent sets, spanning sets, and the Potts model, respectively. Grimmett and Winkler [21] considered related negative correlation properties of graphs.
A positive solution † to the Big Conjecture would be a very good thing. If so, then every I-Rayleigh matroid satisfies Mason's Conjecture (I-4). In Section 5, we see that every series-parallel matroid is I-Rayleigh, and we have reason to believe that the class of I-Rayleigh matroids might contain all graphs (a strong form of a conjecture of Grimmett and Winkler [21] ) and maybe all regular matroids, perhaps even more. Thus, this line of reasoning has the potential for substantial progress on Mason's Conjecture.
Although the Big Conjecture has not been proven, we do have a new equivalent form of it, Conjecture 3.11, which states that if ω satisfies the Rayleigh condition then its symmetrization ω also satisfies the Rayleigh condition. By the exchangeable (symmetric function) case of the Big Conjecture -that is, Proposition 3.6 -this implies the inequalities on ( f k (ω)). This suggests an entirely different approach towards the required inequalities.
In Section 2, we briefly review some unimodality conditions for nonnegative real sequences, some sequences associated with matroids, and some relevant unimodality conjectures and results. This means to put the results of later sections in context.
In Section 3, we look at some examples, state the Big Conjecture, prove the exchangeable case Proposition 3.6 of it, and review some supplementary results. This is also partly a capsule summary of some of Section 2.4 of Pemantle [33] . Then we give a new equivalent form of the Big Conjecture, i.e., Conjecture 3.11, and, after some algebra, the sufficient conditions Conjectures 3.13 and 3.14. These latter two conjectures are more local than 3.11, so even though they are strictly stronger they might be more amenable to proof.
In Section 4, we show that if ω is Rayleigh then Supp(ω), the set of sets on which ω is positive, is a convex delta-matroid, and that ω is logarithmically submodular. Regarding the conjectures of Section 2 this is a negative result: The Big Conjecture is directly
